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Abstract 

Generalized Weierstrass formulae for surfaces in four-dimensional space 
are used to study (anti)self-dual rigid string configurations. It is shown 



1)4 



-! 



that such configurations are given by superminimal immersions into 
Explicit formulae for generic (anti)instantons are presented. Particular 
classes of surfaces are also analyzed. 

String theory based on the combined Nambu-Goto-Polyakov action has been 
intensively studied during the last decade (see e.g. jUPJ). While formulated for 
the target space of arbitrary dimensions, it exhibits special interesting properties 
in four dimensions. In this case, in particular, one can introduce an additional 
topological "#-term" which modifies essentially the properties of the strings . 
Such a total action is of the form 

S = S N - G + S P + i6I (1) 

where 

Sn-g = Mo / [dE] , (2) 

S P = — f i? 2 [d£] (3) 



and I is the self-intersection number given by 

1 = -^- I [<E] g ab d a t^d b t*^ . (4) 

1D7T J 

Here (/z = 1,2,3,4) denote coordinates of a surface in the four-dimensional 
Euclidean space M 4 , £ a (a = 1,2) are local coordinates on a surface, g a b — 
Tjp-^pr {a = 1,2) is the induced metric, [dE\ = \/det g dt^id^, H denotes a 

mean curvature vector, t» v = f and t*^ v = \e^ vpa t pa . 

Special classical configurations, called instantons, play an important role in 
the string theory governed by the action ([!]). They are the solutions of the 
system [|| 

d*lT = ±d a t*^ . (5) 
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Solutions of the system (||) and their properties have been studied by differ- 
ent methods in a number of papers Jl|-0- But the complete description of 
instantons is still missing. 

In this letter we use the generalized Weierstrass representation (GWR) for 
surfaces in M 4 to analyze solutions of the system (||). We show that general 
instantons of the theory ([l]) are given by superminimal immersions into K 4 . 
Explicit form of generic instantons is presented. We consider also some special 
classes of surfaces (developable surfaces, surfaces with fiat normal bundle) which 
are of non-instanton type but are of importance for the string theory too. 

The generalized Weierstrass representation (GWR) for surfaces in K 4 has 
been proposed recently in Jll],[l2| . It starts with the two two-dimensional Dirac 
equations 

<PtS = , <fi2z = ~P^2 

where z is a complex variable, bar denotes the complex conjugation, ipaiPa 
(a = 1, 2) and p are complex- valued functions. Given the potential p(z,z) and 
solutions ip a ,ip a of the system (^), one defines four real- valued functions 
(p = 1,2,3,4) as 



X 1 


+ iX 2 = 


J {-fi^dz' 


+ ipiip 2 dz') 


X 1 


-iX 2 = 


J ($ii>idz' - 


Tp^dz) 


X 3 


+ iX 4 = 


J ((ptipzdz' 




X 3 


-iX* = 


J (ip^dz' 4 





(7) 



where T is a contour in the domain G (z G G). Formulae (0) give a conformal 
immersion of a surface with local coordinates z,z where z = £i + into R 4 .An 
advantage of the GWR (0) is that many geometrical objects take a simple and 
compact form. Namely, the induced metric is given by 



ds 2 = u\u 2 dz dz 



(8) 



where u a — \ip a \ 2 + \fa\ 2 {& = 1,2), the Gaussian curvature if and normal 
curvature Kn are of the form 
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K= — 



U\U 2 



[log {uiu 2 )) z - z 



K N = 



UiU 2 



log 



(9) 



while the mean curvature vector ~H is 
^ 2 



UiU 2 



[Re (p^ 2 ipi + P^if2) , Im (pfaVi + pi>W2) , 
Re (ptpi<P2 ~ PM2) , Im {pipiip2 - Wi^)] 



(10) 
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Using the formulae (|^)-(jT^), for the Nambu-Goto and the Polyakov action one 

gets fn]£§ 

S N -g = Po / uiu 2 d£i d£_ 2 , (11) 



Sp = — f \ P \ 2 d^d^ . (12) 
«o J 

Then for the self-intersection number (or the total normal curvature, or the first 
Chern number ci(E) ), one gets the following expression 

'-t^-hlL 1) „ - ^ - h L ( log (13) 

where dG denotes the boundary of the domain G. For the tensors d = 

12 _ ,34 _ Wl? ~ IV-ll 2 



= t 



+ ~ U + ~ l,„J2 



+ + M 2 + |V>i| 2 



,14 _ ,23 _ jWPl±jhVl 
+ ~ + ~~ 1,0,12 



and 



ViP + IV'i 



t ia = f 43 _ IV2I 2 - IV^I 2 



|V2| 2 + |^_2| 2 ' 

ti 3 = £ = i £5gzfe , (15) 
I^P + I^I 2 



i 14 = i 



32 _ VW + 1/W2 



V2| 2 + |^2 



Now let us consider self-dual and anti-self-dual configurations. They are given 
by equation 

tlu = c%u (16) 

where c~, are constant tensors. 



In the self-dual case, using (|15[), one gets 

atp 2 = btp 2 (17) 

where a and 6 are arbitrary constants. Effectively one has, obviously, only one 
arbitrary constant. 

The constraint (|l7|) is compatible with the system (^|) if p = 0. So, in virtue 
of (jl(]), the self-dual configurations are given by minimal surfaces in R 4 . This 
result is not new (see e.g. ||). Further, using the GWR (0), one obtains 

~*zx ■ ~^zz = (ipi^lz - 4>l z <Pl) {lp2z<P2 ~ 1p 2 i P2z) ■ (18) 
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Taking into account the constraint (|l7|), one concludes that 

(X* zz y=0 . (19) 

The constraint ( |l9| ) defines the, so-called, superminimal immersion when at each 
point of a surface its curvature ellipse is a circle [|l3| . 

So instantons in the theory (|l|) are given by surfaces superminimally im- 
mersed into M 4 . 

Similarly, in the anti-self-dual case the expressions ( [l4|) give the constraint 

ccpi = # x (20) 

where c and d are arbitrary constants. Again, this constraint implies that p = 
and (l zz ^ = 0. 

So, both instantons and anti-instantons of the string theory in K 4 governed 
by the action (|l]) are given by the formulae (||) , (0) with p — and the constraints 
@ or @, respectively. 

Superminimal immersions in R have attracted essential interest in differen- 
tial geometry (see e.g. |l^,|lj]). An advantage of the GWR in this case is that 
it allows to obtain simple explicit formulae for such immersions. Namely, for 
the self-dual case the formulae (^) imply 



a(X 1 +iX 2 ) z = -bi Pl ^ 2 , (X 1 +iX 2 ) =^ 2 

(X 3 + iX i ) z = <^ 2 , a(X 3 + iX%=bM 2 

and for the anti-self-dual case one has 

{X 1 -iX 2 ) =^ l ^ 2 _ , c{X l -iX%=-d^Xp 2 

c(X 3 + iX 4 )=d^ 2 , (A 3 + zA 4 )_=^ 2 



(21) 



(22) 



where ipi,ip2 are arbitrary anti-holomorphic functions and (pi,tp 2 axe arbitrary 
holomorphic functions. 
The relations ( |2ll) give 

a (A 1 + iX 2 ) + b (A 3 + iX 4 ) = A (z) , 

6 (A 1 + iX 2 ) - a (A 3 + iX*) = B(z) (23) 

where A (z) and B (z) are arbitrary anti-holomorphic and holomorphic func- 
tions, respectively. In the case (p2|) one gets 



d (A 1 - iA 2 ) - c (A 3 + iA 4 ) = C{z) , 

^(X 1 -iX 2 ) +d(X 3 + iX 4 ) = D{z) (24) 

where C (z) and D (z) are arbitrary anti-holomorphic and holomorphic func- 
tions. 
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Hence, for instantons 

X l + iX !i = w ^ w ^A(z) + bB(z)] , 

(25) 

x3 + ^ 4 = WTW N (2) - « s (*)] 
and for anti-instantons 

X 1 - zX 2 = [dC (z) + cD (z)] , 

(26) 

* 3 + ** 4 = i™* [-c£7(z)+dD(z)] . 



Thus, instantons and anti-instantons are given by explicit formulae fl2q) and ( p6| ) 
where A,B,C,D are arbitrary functions and a,b,c,d are arbitrary constants. 
Particular cases of these formulae corresponding toa = 0orfe = 0,c = 0or 
d = have been found, in fact, in the paper |7| where some concrete examples 
have been also presented. 

Now we will consider some other interesting configurations different from 
instantons. 

The developable surfaces (surfaces for which the Gaussian curvature K = 0) 
are the simplest of them. They are given by the GWR (0) where ip a ,tp a (a — 
1, 2) obey the system (^) with the additional constraint 

(l^| 2 + |^| 2 )(|0 2 | 2 + |^| 2 )=|A(z)| 2 (27) 

where A{z) is an arbitrary holomorphic function. 

Another class of surfaces, the so-called surfaces with flat normal bundle, 
correspond to the vanishing normal curvature = 0. In virtue of (^|), they 
are generated by the GWR (||), (|^) with the additional constraint 

(|0 2 | 2 + |^| 2 ) =|A(z)| 2 (|^| 2 + |^| 2 ) (28) 

where A(z) is an arbitrary holomorphic function. Surfaces with flat normal bun- 
dle represent themselves an important class of surfaces in M 4 (see e.g. JTs] , ^ ). 

Choosing A = 1, differentiating ( pgj ) with respect to z and using (^, one 
gets 

ipinipl + VWiz = i>2-^ 2 + ■ ( 29 ) 

This condition is satisfied, in particular, if there are functions q and q such that 

tpiz = q<pi , 1P21 = W2 , (30) 

fiz = -#1 , (p 2z = -qip2 

Equations (||) and ( |30| ) imply 

<Pptz ~ Pipiz = , f(fu - Wiz = , , 

qip2z - pip2z = , J3ip2z - qf2~ = 
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Equations (f3l|) are of the Beltrami type. The theory of such type of equations 
is well-developed (see e.g. [0). So, one has the class of surfaces in R 4 with flat 
normal bundle generated by the GWR formulae (^) where t/j a and tp a (a = 1, 2) 
are defined by equations (|3l|). 

Surfaces with constant (non-vanishing) mean curvature H provide another 

class of surfaces. In virtue of the formula Tl — these surfaces are given 

by the GWR (|7|) where ip a and ip a satisfy the system of equations 

^ = ~ exp(i^) \Jh 2 im 2 + l^l 2 ) (\H 2 + l^| 2 ) , 

f a ~ z = -\ exp(-i6 a ) ^H 2 (|Vi| 2 + M 2 ) (\H 2 + l^| 2 ) , " = 1,2 

(32) 

where 9i(z,~z) — — 9%{z, ~z) is an arbitrary function. A subclass of such surfaces, 
the so-called surfaces with the harmonic Gauss map, is associated with the 
additional constraints 

p = a(|^| 2 + M 2 ) = 6(|V2| 2 + |^| 2 ) (33) 
ft 2 

where a is an arbitrary constant and b = So, surfaces with harmonic Gauss 
map are given by (|^) where ip a and tp a obey the system 

ihz = a(\^\ 2 + \i Pl \ 2 )i Pl , ip2z=a{\^ 1 \ 2 + \<p 1 \ 2 )tp 2 

Viz = -a(|^i| 2 + |^i| 2 ) f/n , V2- = -a(|^i| 2 + ^i| 2 ) ^2 -(34) 
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